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We consider a (2 + l)-dimensional holographic CFT on a static spacetime with globally timelike 
Killing vector. Taking the spatial geometry to be closed but otherwise general we expect a non¬ 
trivial vacuum energy at zero temperature due to the Casimir effect. We assume a thermal state has 
an AdS/CFT dual description as a static smooth solution to gravity with a negative cosmological 
constant, which ends only on the conformal boundary or horizons. A bulk geometric argument 
then provides an upper bound on the ratio of CFT free energy to temperature. Considering the zero 
temperature limit of this bound implies the vacuum energy of the CFT is non-positive. Furthermore 
the vacuum energy must be negative unless the boundary metric is locally conformal to a product 
of time with a constant curvature space. We emphasise the argument does not require the zero 
temperature bulk geometry to be smooth, but only that singularities are ‘good’ so are hidden by 
horizons at finite temperature. 


I. INTRODUCTION 

The AdS/CFT correspondence 11] provides a very ele¬ 
gant reformation of certain questions concerning specific 
strongly coupled CFTs in terms of classical geometric 
calculations in a dual gravity theory. Such methods are 
particularly powerful for questions related to CFTs de¬ 
formed by sources in a manner that depends on spacetime 
where first principle computations in such CFTs are very 
challenging. An example of this is considering the CFT 
on curved spacetime as reviewed in [2j. 

Here we examine a basic property of quantum held the¬ 
ories on curved static spacetimes with globally timelike 
Killing vector, namely their vacuum energy. This was 
discussed in 00] in the context of AdS/CFT where it 
was pointed out that the bulk stress tensor determined 
by holographic renormalisation 00, which as usual is 
chosen to vanish on hat space, then gives the vacuum or 
Casimir energy when the boundary space is non-trivial 
and the bulk geometry is that corresponding to the vac¬ 
uum state. In this work we consider (2 + 1)-dimensional 
holographic CFTs on such spacetimes which due to the 
absence of a conformal anomaly may be chosen with¬ 
out loss of generality to have ultrastatic form. We take 
the spatial geometry, E, to be closed so that the total 
vacuum energy is hnite, and being in odd dimensions is 
scheme independent in the holographic renormalisation. 
This energy will be a functional of the 2-dimensional spa¬ 
tial geometry E which, other than being closed, may have 
general topology and metric. The purpose of this paper is 
to show that under reasonable assumptions on the nature 
of the bulk geometry dual to the vacuum state, simple 
geometric considerations lead to the conclusion that the 
CFT vacuum energy is non-positive for any closed space 
E, and negative unless E has constant curvature (so is 
locally a sphere, torus or hyperbolic space). 

To put this result in context one can consider whether 
such a result applies to the vacuum energy in other the¬ 
ories. For (1 + l)-dimensional CFTs a closed spatial ge¬ 
ometry E is simply a circle and so there is no interesting 


local geometry. Then a classic computation yields that 
the Casimir energy is a function of the circle size and 
the central charge. Likewise the Casimir energy may be 
simply computed for free theories too. However for more 
spatial dimensions, such as the (2 + l)-dimensional case 
we consider here, then E may have complicated local ge¬ 
ometry that the vacuum energy depends on. One might 
imagine that free field theories would allow computations 
to be performed. For example one could consider a free 
scalar field (massless, massive or conformally coupled), 
on such an ultrastatic spacetime. The vacuum energy is 
then related to the functional determinant of an elliptic 
operator on the space s pnnij. However such determi¬ 
nants are very subtle as they are naively divergent and 
must be regulated. Then even computing the vacuum 
energy for highly symmetric spaces is a very non-trivial 
task, albeit a well defined one in odd dimensions where 
there is no scheme dependence m- With the simplest 
cases being so challenging it is not surprising that, to 
our knowledge, results such as bounds on the vacuum 
energy for general E do not exist even for free matter 
above (1 -I- l)-dimensions. Thus holography provides a 
very powerful tool for calculation, allowing elementary 
methods to give global results on the vacuum energy for 
strongly coupled CFTs as a functional of the space E. 

One assumption we make is that the vacuum state 
is described by a static bulk geometry which is smooth 
when heated up to any finite temperature. We do not 
require the vacuum dual geometry to be smooth at zero 
temperature, and note that in important canonical ex¬ 
amples it is not. While there is some control mathemat¬ 
ically over existence of infilling bulk geometries for given 
boundary spaces (for example 021 EGO) this is not gen¬ 
erally a solved problem, and particularly given that at 
zero temperature the bulk may be singular, is presum¬ 
ably very hard to understand generally. Thus for us it 
will remain an assumption. Technically we will prove an 
inequality involving the free energy at finite temperature 
where we assume the bulk is smooth, with any zero tem¬ 
perature singularities being ‘good’ and hence shrouded by 
horizons M ■ Then we take the zero temperature limit 
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of this to derive that the vacuum energy is non-positive. 

In fact such a bound on free energy was obtained for 
holographic CFTs in the special case where £ has con¬ 
stant scalar curvature (so a round sphere, flat torus or 
quotients thereof, or compact hyperbolic spaces) in [T5] 
using similar methods but the mass definition of pCH] 
(see also the related earlier works 17, 18j in the same 
constant scalar curvature setting but without horzions). 
Consequently this does not allow study of the Casmir en¬ 
ergy when the boundary metric is deformed, but instead 
gives a general statement about the properties of thermal 
states for the CFT on these specific spaces. In this work 
we use the holographic stress tensor to compute the vac¬ 
uum energy, allowing us to consider any boundary space 
E. In fact while the thermal inequality in |15| applies in 
general dimension, interestingly it is only in the case of 
(2 + 1) boundary dimensions that it can be extended to 
general spaces E and hence derive a global statement on 
the vacuum energy as a functional of E. 

The structure of the paper is as follows. In section |TT] 
we will review the geometric dual description of a 
holographic CFT, discuss the extraction of the boundary 
stress tensor, and outline the assumptions we make of 
the bulk geometry. Then in section m we consider 
the bulk equations and introduce the key geometric 
tool we will use to control the vacuum energy, namely 
that the bulk optical Ricci scalar is a super-harmonic 
function, allowing an inequality relating boundary terms 
at the conformal boundary and any bulk horizons. 
In the following sections |IV| and [V] we compute these 
boundary terms, and collecting these in |VI| arrive at 
a thermodynamic inequality involving the free energy. 
Taking the zero temperature limit then yields our 
claimed result that the zero temperature vacuum energy 
is non-positive. We conclude with a brief discussion in 
section Em 


Note added: After completion of this work an alternate 
derivation of our result was pointed out to us by Juan 
Maldacena. This uses an elegant geometric bound related 
to the Gauss-Bonnet theorem P23 . For the interest of the 
reader we have added section VIII| detailing this alternate 
approach. 


II. THE DUAL BULK GEOMETRY 


We restrict our attention to the universal gravity sec¬ 
tor of the AdS/CFT correspondence (see for example 
the review 0 ), so that the zero temperature vacuum 
and thermal states of the (2 + l)-dimensional CFT in 
the absence of sources are described by solutions of the 
(3 + l)-dimensional pure gravity Einstein equations with 
negative cosmological term. Let the bulk metric be g 
then it must satisfy the Einstein condition, 

R® = -^9$ ( 1 ) 


where l determines the AdS length, and is related to c, 
the CFT ‘effective central charge’, as c = £ 2 /167 tG( 4), 
where G( 4 ) is the bulk Newton constant. For the CFT 
to be well described by a semi-classical gravity dual we 
require c> 1. 

The AdS/CFT correspondence dictates that the metric 
g has a conformal boundary whose geometry gives the 
conformal class of the spacetime the CFT lives on. Let us 
denote the metric of the CFT’s spacetime as gcFT- The 
asymptotic approach to this conformal boundary then 
determines the expectation value of the renormalised 
CFT stress tensor, Tcft , and hence the energy of the 
state that is described by this bulk geometry. 

Consider the CFT on a general static closed spacetime, 

gcFT = - N(x)dt 2 + g ab (x)dx a dx b ( 2 ) 

where (E ,g) is a smooth closed 2-dimensional Rieman- 
nian manifold with local coordinates cc“, and d/dt is a 
globally timelike Killing vector, so that A is a positive 
function over E. Since the Killing vector is globally time¬ 
like, and so N > 0, we can move to an ultrastatic con¬ 
formal frame. There is no conformal anomaly in (2 + 1)- 
dimensions, so the stress tensor transforms simply under 
the required conformal transformation. We take a new 
frame, g'c FT = £l 2 gcFT, where H 2 = 1/iV, and then the 
metric in this frame is ultrastatic, 

g'cFT = -dt 2 + g' ab (x)dx a dx b ( 3 ) 

with g' ab = gab/N , and the stress tensor in the new frame 
is, 

T' cft = Q~ 1 Tcft = VnTcft • ( 4 ) 

In particular we will be interested in the CFT energy, 
E, defined with respect to the time translation Killing 
vector v =Wf This energy is given as, 

E = V!T^ T n A v B = jf (5) 

where x A = (t,x a ) and n is the unit normal vector 
to a constant t hypersurface, so n = ^=J^. In the 

ultrastatic frame we have n' = ^ y/g and 

T'C ft = VNT t c t FT , so that 

E'= f y/fT'f FT n' A v B = E . ( 6 ) 

Thus energy with respect to d/dt is invariant under the 
conformal transformation. Since this is the key quantity 
of interest we see we may work in the ultrastatic frame 
without loss of generality. Hence from now on we shall 
only consider the ultrastatic case with N = 1, and so the 
energy E[ E] is a functional of the 2-dimensional closed 
spatial geometry £. 

As we are interested in the zero temperature vacuum 
state and thermal states, and the CFT spacetime is 
static, we assume the dual bulk spacetime is also static. 
Note that while the Killing vector d/dt of the CFT 
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metric is globally timelike, we do not assume this for the 
bulk. Instead we make the following assumption. 


Assumption 1: At finite CFT temperature, T, a ther¬ 
mal state is described by a dual static bulk solution 
that is smooth away from the conformal boundary (with 
boundary metric gcFT ), and ends only on this or on 
smooth Killing horizons (whose Hawking temperatures 
are T with respect to d/dt). 

We are assuming all horizons are Killing horizons with 
respect to d/dt and in equilibrium with each other. Their 
surface gravity, n, measured with respect to the bulk 
Killing field K = d/dt that generates these Killing hori¬ 
zons is given by k 2 = — ^ evaluated at the 

horizon. With respect to K they have Hawking temper¬ 
ature Tnawking = re/(27r), and since we have chosen a 
conformal frame for gcFT such that K restricted to the 
conformal boundary generates the CFT time translation 
then the CFT temperature is T = Tnawking- 

The zero temperature vacuum (ie. Casimir) energy is 
the quantity we are ultimately interested in. One might 
expect that given the above assumption, we would fur¬ 
ther assume that if the bulk spacetime at zero temper¬ 
ature has any other ends than the conformal boundary, 
these should be smooth extremal (ie. zero temperature) 
horizons. However this would be too restrictive and rules 
out consideration of important physical examples. 

Let us now consider such an example, namely the dual 
to the CFT on a flat spatial torus. Taking the CFT to 
be at temperature T on a boundary metric which is the 
Minkowski spacetime, the dual bulk is of the form, 

ds 2 4 ) = (^-fdt 2 + Sabdx a dx b + ■ ( 7 ) 

At zero temperature this is Poincare-AdS with / = 1, 
and ends in an extremal horizon as |x°|, z —>■ oo [2D]. At 
finite temperature it is planar AdS-Schwarzschild with 

/ = 1 — ending on a regular horizon at z = zq, cor¬ 

responding to CFT temperature T = 3/(47rz 0 ). However 
the spatial section of the Minkowski spacetime is R 2 and 
is of course not closed. Since we are interested in closed 
S we may rectify this by the identification of Minkowski 
to the product of time with a 2-torus, ie. making the x a 
coordinates above periodic, so gcFT = —dt 2 + g t 2 for 
gTi the metric on the torus. While this identification on 
the planar AdS-Schwarzschild solution simply compacti- 
fies the geometry of the horizon at 2 = Zq to be toroidal, 
at zero temperature it has a more dramatic action, de¬ 
stroying the smooth extremal horizon and replacing it 
with a null singularity. Note that if we consider periodic 
boundary conditions for fermions about the x a circles 
then this is the relevant dual to describe the vacuum (the 
non-singular AdS-soliton is not a possible bulk geometry 
since it is incompatible with the fermion spin structure 
0)- This bulk null singularity is a ‘good’ singularity in 
the sense of M since at any small finite temperature 


compared to the torus periods it is shrouded behind the 
smooth planar AdS-Schwarzschild horizon. Nonetheless 
we see that this canonical example of the CFT on the 
product of time with a 2-torus does not have a smooth 
bulk at zero temperature. Indeed recently it has been 
argued that extremal horizons are actually non-generic 
as ends to zero temperature bulk duals, and in fact null 
singularities might generally be expected EH 122 ]. 

Fortunately the result we will derive concerning the 
zero temperature behaviour does not require such a 
strong assumption as the bulk ending only on the 
conformal boundary or smooth extremal horizons. In 
fact our result requires only that the zero temperature 
bulk solution arises as the limit of finite temperature 
solutions of our assumed form above as T —► 0. The 
condition on these is not that the bulk geometry is 
smooth in this limit, but rather that the total energy 
and entropy are finite and continuous in this limit. Thus 
we make the following assumption. 


Assumption 2: At zero temperature the static bulk solu¬ 
tion dual to the CFT vacuum is the limit of finite tem¬ 
perature solutions satisfying Assumption 1 above. The 
energy and entropy are well behaved in the T —> 0 limit. 

Thus we allow singularities in the gravity dual to the 
zero temperature vacuum state, but only ones that are 
‘good’ in the sense of m ■ As emphasised above this al¬ 
lows us to consider situations such as the canonical exam¬ 
ple of gcFT = — dt 2 + gr 2 (with periodic fermion bound¬ 
ary conditions) where the dual vacuum geometry is singu¬ 
lar. Physically if Assumption 2 did not hold one would 
be concerned the CFT was pathological - indeed even 
having non-zero entropy as T —> 0 is rather non-generic 
from the perspective of quantum field theory. Thus we 
will always implicitly be working at finite temperature in 
what follows, and will talk about the zero temperature 
behaviour only as a limit of this. 

Following our previous work [23) we write the static 
bulk spacetime in terms of a warped product of time and 
a Riemannian geometry (A i,g), 

t 2 

ds 2 4 ) = — (-dt 2 + gijdx l dx J ) ( 8 ) 

where x l are local coordinates on M, so i = 1, 2,3. This 
geometry (A4, g) is known as the optical geometry |24| . 
We assume that the bulk spacetime ends on the con¬ 
formal boundary, with geometry (R x Y,,gcFT)i with 
gcFT = —dt 2 + g , and may also end on Nh > 0 bulk 
Killing horizon components, with spatial sections 1-La for 

a = i,...n h . 

We take A4 to have a boundary dM = S, and make 
Z the defining function for the conformal boundary, so 
Z > 0 everywhere except on the boundary dM , where 
Z = 0 with dZ 0. 

Consider a component T~La of the horizon. For a general 
static Killing horizon we may write the metric locally as, 

ds 2 = —n 2 r 2 f{r, y)dt 2 + dr 2 + h ab (r , y)dy a dy b ( 9 ) 
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where the constant n gives the surface gravity of the hori¬ 
zon with respect to the Killing vector d/dt, r is a normal 
coordinate to the horizon which is located at r = 0, y a 
are coordinates on the spatial section of the horizon, and 
/ is a function such that /( 0 , y) = 1 , and both f(r, y ) and 
h ab (r, y) are smooth functions of r 2 to ensure regularity 
of the Killing horizon (see for example [551 122 )■ For the 
dual to a thermal state, the surface gravity of such a bulk 
horizon is related to the CFT temperature as T = n/2ir , 
and the CFT entropy contribution due to this horizon 
component is Su A = A Ba / 4G( 4 ) where A Ba = J \/h\ r= o 
is the area of the horizon %a- The AdS/CFT dictionary 
then states that the total CFT entropy, S, is the sum of 
the horizon components so S' = 4 Su A ■ 

Written in terms of our optical metric we see that near 
a horizon we have, 


gijdx t dx 3 = 
Z = 


1 


n 2 r 2 f 

i 


(dr 2 + h ab (r,y)dy a dy b 


-vr 


( 10 ) 


Hence from the perspective of the optical geometry 
(, M,g ) we see as r —► 0 each horizon component is ac¬ 
tually an asymptotic region that is in fact a conformal 
boundary, with conformal boundary geometry given by 
the geometry of the spatial section of Ha- Of course 
these are conformal boundaries of (M , g) and are not 
to be confused with the conformal boundary of the full 
spacetime which, as we have discussed, corresponds to an 
actual boundary of M . 

In summary the assumed structure of (M , g ) for bulk 
spacetimes at finite temperature is as follows. The space- 
time conformal boundary where Z = 0 is a boundary of 
M with dM = £. The Nh bulk spacetime Killing hori¬ 
zons where Z -A oo are conformal boundaries of M with 
geometries given by the spatial sections of the horizons 

n A - 


III. BULK EQUATIONS 

The static Einstein equations for this bulk spacetime 
can be decomposed over the optical geometry as, 

Rij = —^VidjZ 

R=-^(l-(dZf) (11) 

where indices are raised/lowered using the optical metric 
gij. Here R^ is the Ricci tensor of the optical metric 
gij, R = Rf is its Ricci scalar and V is its covariant 
derivative. 

Our results all follow from the elegant elliptic equation 
that the optical Ricci scalar obeys, 

V 2 A - R 2 + 3 RijRfi = 0 (12) 

which may be verified straightforwardly from the Ein¬ 
stein equations above. Since the norm in (M,g) of 


the tracefree part of the optical Ricci tensor R^ = 
Rij — \Rgij is given as, 

| R ij \ 2 = R i jR i3 -^R 2 (13) 

and is non-negative for a smooth Riemannian optical 
metric, we see that RijR 13 > \R 2 ■ Hence the optical 
Ricci scalar is a super-harmonic function on (M,g), 

V 2 R < 0 (14) 

with this inequality being saturated only if R^ vanishes. 
This result played a key role in our previous work [23]. 
Here we integrate it over the optical geometry, and use 
the divergence theorem to obtain, 

[ s/gS7 2 R= I dA i d,R + y' j dA^RK 0(15) 
J J4 J dM. 

where dA l is the outward facing area element for a sur¬ 
face. Thus we find an inequality involving surface terms 
over the boundary of M. , corresponding to the spacetime 
conformal boundary, and also the asymptotic regions of 
M corresponding to the spacetime horizons. Having this 
inequality we must now evaluate these surface terms. 


IV. CONFORMAL BOUNDARY SURFACE 
TERM 

Firstly we consider the surface term at dM due to the 
conformal boundary and relate this to physical quanti¬ 
ties using the holographic dictionary [SHZ] (and reviewed 
in i). The Fefferman- Graham form for a conformally 
compact (3 + l)-dimensional Einstein metric is, 

t 2 

ds 2 4 ) = — ( dz 2 + h A B(z, x)dx A dx B ) (16) 

with the asymptotic behaviour near the conformal 
boundary z = 0 given by, 

h, AB (z,x) = Jiab(x) + (r 1 aI ~ ^R^hAB^J z 2 

+ tAB(x)z 3 + O(z^) (17) 

where this series expansion is written with indices raised 
and lowered with respect to the metric that provides 
the representative for the conformal boundary geome¬ 
try, Tiab(x)- In particular R^b its Ricci tensor, and 
its scalar curvature. The data Jiab(x) and t A B(x ), 
which is a transverse traceless tensor with respect to h A B , 
fully determine all subsequent terms in the above expan¬ 
sion. The AdS/CFT dictionary then requires us to take 
h = g CFT = —dt 2 + g 1 and then the vacuum expectation 
value of the CFT stress tensor, Tcft , is, 

(T^ T ) = 3ct AB 


(18) 
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where c is the effective central charge defined above. 
Hence given a bulk solution with such asymptotics, the 
CFT energy is then, 

E= f V$(Tg FT ) = 3c [ y/sttt. ( 19 ) 

It is worth emphasising that due to the absence of a con¬ 
formal anomaly there is no ambiguity or scheme depen¬ 
dence in this stress tensor. 

Consider our metric in equation ([8]). Taking coor¬ 
dinates on Ai so x l = ( z,x a ) with z the Feffermann- 
Graham coordinate above, then we see near the confor¬ 
mal boundary, 

Z(z, x) = z ^1 — ^ R(x)z 2 + ^ t u (x)z 3 + 0 (^ 4 )^ 
g Z z{z, x) = \- | R(x)z 2 + t tt {x)z 3 + 0(z 4 ) 

g a b{z, x) = g a b{x) - ^R(x)g ab (x)z 2 

+ ( tab{x) + g a b{x)t tt {x)) z 3 + 0(z 4 ) ( 20 ) 

with g za = 0, and where now the expansions are writ¬ 
ten covariantly with respect to the CFT spatial metric 
< 7 , with its Ricci tensor and scalar being R ab and R re¬ 
spectively. Using this we may compute the asymptotic 
behaviour of the optical Ricci scalar, 

R(z, x) = 3 R{x) — 18 ttt(x)z + 0(z 2 ) . ( 21 ) 

Note that this implies the Ricci scalar of E is simply 
related to the boundary value of the bulk optical Ricci 
scalar as [251 . 

R = 7^R\dM ■ ( 22 ) 

Now we may compute the boundary term f dM dA l diR. 
Using the above expansions we have, 

8 n R = 18 t H + 0(z ) ( 23 ) 

where n = — ~^== -jp gives the unit normal to a constant z 
surface in (A4 , g) directed towards the conformal bound¬ 
ary, so that, 


[ dA l diR = [ yf d n R 
JdM Jz =0 


Z =0 

= 18 f VStu = -E. (24) 

Jy, c 

Thus we see that the surface term associated to the space- 
time conformal boundary is simply proportional to the 
CFT energy. 

We note that if a finite or zero temperature bulk space- 
time ends only on the conformal boundary, with no hori¬ 
zons or singularities, then the only boundary term is the 
one above and from (15) this simply yields the result 


E < 0. Thus we can already see that the energy in these 
cases is non-positive. 


An example of such a situation is for a CFT where E is 
a round sphere radius 1Z , and the temperature is taken to 
be well below that of the Hawking-Page phase transition 
EUCl]. In this case it is expected that no static black 
hole solutions exist at such temperatures (certainly this 
is true imposing spherical symmetry) and the only bulk 
is global AdS. Thus taking E as a small deformation of a 
round sphere and taking low temperatures, so T1Z <C 1 
we expect no bulk horizons and hence again E < 0 by 
the above. Another example is for E a 2-torus with an- 
tiperiodic fermion boundary conditions about one cycle. 
The relevant static bulk is then the AdS-soliton [5] . It is 
believed that black holes have a minimum temperature 
[29H31] with such asymptotics, and so below this tem¬ 
perature the only candidate bulk spacetime is the AdS- 
soliton itself which indeed has negative energy E < 0. 
More generally we might imagine that boundary metrics 
E that lead to confining behaviour at low temperatures 
(for example, taking E to have positive scalar curvature 
[25]) have dual static geometries with no bulk horizons 
below some threshold temperature, and hence in such a 
temperature range must have E < 0. 

However, as emphasised above, in general we may have 
bulk horizons at arbitrarily low temperature as in the ex¬ 
ample of E being a torus (with periodic fermion boundary 
conditions). Hence we now proceed to consider the con¬ 
tribution to surface terms from finite temperature hori¬ 
zons in the bulk. 


V. HORIZON SURFACE TERMS 


A static smooth spacetime Killing horizon can be writ¬ 
ten in local coordinates as in equation (10) in our bulk 
ansatz. In order to compute the surface term due to a 
horizon component Ra we solve the bulk Einstein con¬ 
dition as an expansion in the normal coordinate r about 
the horizon location r = 0. One finds, 


f(r,y) = 1- \Rx 2 + 0(r 3 ) 

D 

Kb(r , y) = Kb + + ^Rj Kbr 2 + 0{r 3 ) (25) 


where h a b{y) is the metric induced on the spatial section 
of the horizon, and R is its Ricci scalar. From this one 
may deduce that the optical Ricci scalar behaves as, 

d n R = -K (^+6R^r 2 + 0{r 3 ) (26) 

where n = —gives a unit normal to a constant 

r surface in (A i,g) directed into the horizon, and then 
taking into account the fact that the volume element of 
a constant r surface scales as ~ as r —> 0, one 

K, z r z ’ 
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finds the finite value, 


dA l d,R 


>Ha 



VgdnR 


= ~ K j ^ + 6 ^) 

= ^ 6K / ' 


(27) 


Now using the relations to CFT temperature T, the con¬ 
tribution to the entropy, S-h a , and the Gauss-Bonnet the¬ 
orem, we may write, 


f dA l diR = —-TSu a - 48 n 2 X n A T (28) 

Iha c 


where Xu a is the Euler characteristic for the spatial hori¬ 
zon geometry of 7 -La- 

Since all the horizons are in equilibrium at the same 
temperature then the total contribution due to the hori¬ 
zons is, 


Y,f dA i d i R = --TS-48n 2 TY / X-H A (29) 

A d'H-A C A 


with S = a Sha being the CFT entropy. [33] 


VI. VACUUM ENERGY BOUNDS 


Thus we see that the inequality V 2 i? < 0 in the optical 
Ricci scalar integrated over the bulk yields the bound on 
the surface terms in (15) which may be evaluated using 
equations (24) and (29) to deduce, 


1 F= 1 (E-TS)<87r 2 Ty2xn, : 

c c ^ 


(30) 


scalar of E, must also be constant. We conclude that 
static bulk spacetimes where E has non-constant scalar 
curvature must have negative vacuum energies E < 0. 
Thus the vacuum energy can only vanish in the non¬ 
generic situation that E has constant curvature, and 
hence is locally a sphere, torus or hyperbolic space. 


VII. DISCUSSION 


We now conclude with a brief discussion. Firstly we 
point out that since our result only applies in the large 
c —^ oo limit (required for having a gravity dual), it 
is only the leading part of the energy E that is con¬ 
strained to be non-positive. However holography predicts 
that provided a bulk dual exists, the vacuum energy will 
generically go as E ~ O(c) (except, as we have seen, in 
cases of maximally symmetric E where it may vanish to 
leading order in c). We emphasise that our results above 
rely on the CFT having a dual description given by a bulk 
spacetime which is smooth at any small finite tempera¬ 
ture. If it happened that for some E no bulk spacetime 
existed, or somehow violated our assumptions, then the 
result is not expected to hold, although we know of no 
such situation. 


We note that the thermodynamic bound (30) is pre¬ 


cisely the one found previously in [15] specialised to the 
case of a (3 + l)-dimensional bulk although in that work 
E was constrained to be of constant curvature, so a round 
sphere, flat torus (or quotients of these) or compact hy¬ 
perbolic space. [33] It is interesting to note that the bound 
in m was given in any bulk dimension. For D bound¬ 
ary dimensions, and hence (D + 1) bulk dimensions, the 
optical Ricci scalar obeys the relation [33], 


( 1 


\Z D 


-3 


a r < o. 


(33) 


where F = E—TS is the CFT free energy at temperature 
T. While this bound can be thought of as a constraint 
on the thermodynamics of the CFT and equivalently on 
the dual black holes, it also allows us to bound the zero 
temperature vacuum Casimir energy by taking the limit 
T —> 0. By Assumption 2 the total energy and entropy 
are bounded and continuous in the limit T —> 0, so, 

lim [ — ) < 0 (31) 

T->0 V C / 


and hence the vacuum energy is non-positive. 

As discussed above, these inequalities can only be satu¬ 
rated if the tensor Rij (the tracefree part of R,j ) vanishes 
everywhere in A4. However, since, 

V'Rii = - ^djR = l -A,R (32) 


we see that a necessary condition for saturation of these 
bounds is that the optical Ricci scalar is constant on Ai. 
Furthermore equation (22) then implies that R , the Ricci 


However, in the higher dimensional cases D > 3 this in¬ 
equality does not obviously lead to analogous bounds on 
the thermodynamics or energy. Integrating and using the 
Gauss law over (A i,g) the surface term generated due to 
the bulk spacetime conformal boundary is no longer gen¬ 
erally finite. It would obviously be interesting to explore 
whether our arguments can be modified to yield bounds 
in higher dimensions too. Another interesting question 
is whether these results generalise to inclusion of bulk 
matter fields obeying specific energy conditions. 

It is worth contrasting our result with previous work 
on positive energy theorems [2U [33j relevant for the AdS- 
CFT setting. In the (2+ 1)-dimensional case we consider 
it was argued in ]35j that for time dependent bulk dynam¬ 
ics a necessary condition for the energy to be bounded 
from below by zero was the existence of a spinor on 
E obeying certain differential conditions. On the other 
hand our result shows that for generic E we expect the 
energy to be negative for the bulk vacuum geometry, and 
it must therefore be true that the assumptions required 
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for stability as discussed in [35] cannot hold. It is im¬ 
portant to note that this does not imply such a setting 
is necessarily dynamically unstable. Indeed the exam¬ 
ple of the AdS-soliton [3] is believed to be stable to bulk 
perturbations. 

We conclude by emphasising that (2 + 1 [-dimensional 
holographic CFTs are known explicitly, as in the canon¬ 
ical example of the ABJM theory [35]. It is interesting 
to note that they may potentially be of interest in the 
context of AdS/CMT [37] where one might in principle 
imagine a real world experiment simulating a holographic 
(2 + 1 [-dimensional CFT, where the spatial geometry 
of the material could be deformable away from a very 
symmetric case such as a plane, leading to a Casimir 
effect. Since our results show the energy is reduced to 
become negative for generic perturbations of flat space, 
this indicates potential instabilities associated to crum¬ 
pling driven by a decrease in the vacuum energy. 


VIII. RELATION TO ANDERSON’S BOUND 

After completion of this work Juan Maldacena pointed 
out to us another way that the above results may be 
derived using the geometric bound of Anderson jT3]. We 
have included a sketch of this alternate derivation for the 
interest of the reader noting that it provides a beautiful 
example of how a physical result may be geometrized in 
AdS-CFT. 

Starting from the 4-dimensional Gauss-Bonnet theo¬ 
rem Anderson has shown that the renormalized volume 
of an asymptotically hyperbolic Einstein manifold satis¬ 
fies the bound, 


4tt 2 . 

Wen < . (34) 

Here x(^i) is the Euler character of the bulk spacetime, 
calculated by writing this as a conformally compact man¬ 
ifold, taking ds\ = jgABdx A dx B for a defining func¬ 
tion Z and taking (M 4 , g) to be a smooth Riemannian 
manifold with boundary dM .4 where the defining func¬ 
tion vanishes. This bound is saturated if and only if the 
bulk Weyl tensor vanishes. 

Since we are considering static bulk spacetimes with 
horizons at equilibrium, we may analytically continue 
the Lorentzian bulk geometry to a Riemannian metric 
by continuing to Euclidean time r = it. Then with the 
appropriate identification r ~ r + /3 the Lorentzian hori¬ 
zons continue to smooth fixed point sets under the Killing 
symmetry generated by d/dr referred to as ‘bolts’. 

Following |38j then the renormalized volume is simply 
related to the renormalized on-shell Euclidean gravita¬ 
tional action, S'_ Ej0n _ sh eii = JUS- Now Eu " 

clidean semi-classical gravity implies the Euclidean ac¬ 
tion (suitably renormalized) is related to the free energy 
F as, Se, on-shell = ^F. Via Anderson’s bound this 


yields, 


- F< 8 n 2 c X (M 4 ) 


(35) 


This is similar in spirit to our thermodynamic bound 
in equation (301 although the Euler number refers to 


the bulk spacetime rather than horizons that might be 
present. Note that following our argument and assump¬ 
tions in the paper then considering this bound at finite 
temperature and then taking T —> 0, so F —> E, this 
implies E < 0 (again without assuming the zero temper¬ 
ature solution itself is smooth). 

However we may also recover our thermodynamic in¬ 
equality ( fTT(T[ ) directly from the bound above. Follow¬ 
ing 133 ] then the Euler character of a 4-manifold with 
a Killing vector may be given in terms of the nature of 
the fixed point sets of the action generated by this, in 
particular the number of ‘nuts’, ‘anti-nuts’ and ‘bolts’. 
This holds for manifolds with boundary provided that 
the Killing vector is tangential to the boundary. In our 
case the defining function has been chosen to be com¬ 
patible with the static symmetry so that (M^,g) is a 
static smooth 4-manifold with boundary, and Killing vec¬ 
tor d/dr that is tangential to the boundary dM 4 . Then 
we have, 


n b 

x(Mi) = N + + N _ + xa (36) 

A=1 

where N + and iV_ are the number of nuts and anti-nuts, 
and xa is the Euler character of the A-th bolt, of which 
there are Ng. In our application we have no nuts or anti¬ 
nuts, and the bolts continue to the horizons, with the 2 - 
geometry of the bolt corresponding to the spatial section 
of the Lorentzian horizon. Hence for our application this 
implies, 


X(M 4 ) =Y^ X {'Ha) 


(37) 


and substituting into (35) yields our bound (30). 


Anderson’s bound is saturated for vanishing bulk Weyl 
tensor whereas we had previously found saturation for 
vanishing Rjj, the traceless Ricci tensor of the opti¬ 
cal metric. A simple computation confirms that the 4- 
dimensional 
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